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Abstract
The scale invariance of the quantum fluctuations in de Sitter space leads to the appearance
of de Sitter symmetry breaking infra-red logarithms in the graviton propagator. We investi-
gate physical effects of soft gravitons on the local dynamics of matter fields well inside the
cosmological horizon. We show that the IR logarithms do not spoil Lorentz invariance in
scalar and Dirac field theory. The leading IR logarithms can be absorbed by a time depen-
dent wave function renormalization factor in the both cases. In the interacting field theory
with λφ4 and Yukawa interaction, we find that the couplings become time dependent with
definite scaling exponents. We argue that the relative scaling exponents of the couplings are
gauge invariant and physical as we can use the evolution of a coupling as a physical time.
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1 Introduction
In de Sitter (dS) space, the degrees of freedom outside the cosmological horizon increase with
cosmic evolution. This increase leads to the dS symmetry breaking term in the propagator
of a massless and minimally coupled scalar field. It is a direct consequence of the scale
invariant fluctuation spectrum [1, 2, 3]. So in some field theoretic models in dS space,
physical quantities may become time dependent through the propagator. The gravitational
field on dS background is a candidate which induces such infra-red (IR) effects. It is because
the gravitational field is massless and contains minimally coupled modes [4].
In order to investigate interacting field theories in dS space, we need to employ the Schwinger-
Keldysh perturbation theory [5, 6]. The IR effects at each order manifest as the polynomials
in the logarithm of the scale factor of the Universe: log a(τ) [7]. In an interacting scalar
field theory with polynomial interactions such as λϕ4 theory [8], these IR logarithms in
the propagators give rise to powers of IR logarithms in the amplitudes. Let us consider
the expectation value of the energy-momentum tensor for example. The leading power of
IR logarithms is given by the number of the propagators of the diagram. They make an
effective cosmological constant time dependent and thus break the dS symmetry. Therefore
we need to sum these leading IR logarithms to understand the long term evolution as the
effect of IR logarithms becomes large if we wait long enough.
Remarkably a simple physical picture holds in the leading IR log approximation as follows.
A scalar field is not completely frozen beyond the horizon scale as it is constantly jolted by
the modes coming out of the horizon. A scalar field performs a random walk in the scalar
field space (1 dimension) which is consistent with the linear growth of the propagator with
respect to cosmic time t at the initial stage.‡ Eventually it reaches an equilibrium state
in a potential well as dS symmetry is restored [9, 10]. We have investigated IR logarithms
in the non-linear sigma models which contain massless minimally coupled scalar fields with
derivative interactions. In the expectation value of the energy-momentum tensor, we have
shown that the leading IR logarithms cancel to all orders [11].
It is important to understand the IR effects in quantum gravity as the propagator of gravitons
contains IR logarithms in dS space. The case is very strong here as gravitons exist in our
Universe which is of dS type. In this paper we investigate physical effects of soft gravitons
on microscopic physics in dS space. We focus on the dynamics of matter fields with sub-
horizon momentum scale as it is directly observable. We find that the super-horizon gravitons
influence the matter field dynamics inside the cosmological horizon. Our predictions are thus
verifiable by direct observations in principle.
We adopt a massless and conformally coupled scalar field and a massless Dirac field as
matter field components. At the tree level, these fields respect the Lorentz invariance after
the conformal transformation. In investigating soft graviton effects to local matter field
dynamics, it is a non-trivial question whether they preserve the Lorentz invariance. We
investigate the kinetic terms of matter fields, specifically the relative weight between time
derivative term and spatial derivative term to verify the Lorentz invariance. Furthermore in
interacting field theories, we investigate how soft gravitons influence their coupling constants.
As specific examples, we adopt λφ4 and Yukawa theory with dimensionless couplings. The
‡We recall here that the fractal dimension of random walk is 2.
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investigation in this paper is up to the one-loop level.
E. O. Kahya and R. P. Woodard investigate soft graviton effects in a free massless and
minimally coupled scalar field theory [12, 13]. S. B. Giddings and M. S. Sloth investigate the
scalar two point function in the quenched approximation [14]. S. P. Miao and R. P. Woodard
compute the free Dirac field equation corrected by soft gravitons [15] and derive its solution
at the super-horizon scale [16, 17].
In this paper we adopt the following three approximations: (i) We work in D = 4 dimension
as we focus on IR effects at the one-loop level. Known quantum effects such as conformal
anomaly do not spoil dS symmetry. It is because they are short distance effects and hence
time independent for a fixed physical momentum scale. (ii) We retain the dS symmetry
breaking part of the amplitudes. As we focus on conformally coupled matter dynamics in
this paper, we only retain the log a(τ) part of the graviton propagators. (iii) Furthermore we
neglect differentiated graviton propagators as they contain no log a(τ) part. The approxima-
tion method has been introduced in Yukawa theory and scalar QED [18, 19, 20]. However
there is a caveat in trusting these three approximations as follows.
Miao and Woodard have found that the on-shell quantum equation is sensitive to ultra-violet
(UV) regularization and the approximations to retain only dS symmetry breaking part of
the amplitudes fail [16, 17]. It is an intriguing result which merits further investigations. We
thought that the dS symmetry breaking effects are of IR origin. If so, why could they depend
on UV regularizations? The puzzle may be resolved by distinguishing the dS symmetry
breaking from the IR singularities in the on-shell limit. We investigate off-shell quantum
equation to regulate such singularities which is a standard strategy in field theory. It is
because the virtuality replaces the initial conformal time as the IR cut-off when we integrate
over conformal time of the interaction vertices. The result is time independent as we fix the
physical virtuality to be constant such as the confining scale in QCD for example. We can
thus confine the source of the IR logarithms to the explicit dS symmetry breaking part of the
soft graviton propagators. We need more work to extract physical quantities from the off-
shell quantum equation. In this respect, the virtuality may be replaced by energy resolution
if we consider possible cancellation of IR singularities among energetically degenerate states.
The organization of this paper is as follows. In Section 2, we quantize the gravitational field
on the dS background. We identify the graviton modes which exhibit the IR logarithm. In
the subsequent sections, we evaluate the quantum equation of motion with respect to matter
fields which are dressed by soft gravitons at the one-loop level. In Section 3, we adopt free
field theories and investigate whether the Lorentz invariance is preserved. In Section 4, we
evaluate the effective coupling constants in φ4 and Yukawa theory. We find that the IR
effects from gravitons preserve the Lorentz invariance. The effective coupling constants are
found to decrease with cosmic expansion with definite scaling exponents. In Section 5, we
vary the gauge parameter of the graviton propagator to investigate the gauge dependences
of the results obtained in Section 3 and 4. We show that the relative scaling exponents of
the couplings are gauge invariant and observable. We conclude with discussions in Section
6.
2
2 Gravitational field in de Sitter space
In this section, we compute the gravitation propagator in de Sitter (dS) space. In the
Poincare´ coordinate, the metric in dS space is
ds2 = −dt2 + a2(t)dx2, a(t) = eHt, (2.1)
where the dimension of dS space is taken as D = 4 and H is the Hubble constant. In the
conformally flat coordinate,
(gµν)dS = a
2(τ)ηµν , a(τ) = − 1
Hτ
. (2.2)
Here the conformal time τ (−∞ < τ < 0) is related to the cosmic time t as τ ≡ − 1
H
e−Ht.
We assume that dS space begins at an initial time ti with a finite spacial extension. After a
sufficient exponential expansion, the dS space is well described locally by the above metric
irrespective of the spacial topology. The metric is invariant under the scaling transformation
τ → Cτ, xi → Cxi. (2.3)
It is a part of the SO(1, 4) dS symmetry.
In dealing with the quantum fluctuation whose background is dS space, we adopt the fol-
lowing parametrization:
gµν = Ω
2(x)g˜µν , Ω(x) = a(τ)e
κw(x), (2.4)
det g˜µν = −1, g˜µν = (eκh(x))µν , (2.5)
where κ is defined by the Newton’s constant G as κ2 = 16πG. To satisfy (2.5), hµν is traceless
ηµνhµν = 0. (2.6)
By using this parametrization, the components of the Einstein action are written as follows.
We keep a parameter D to specify the dimension for generality:
√−g = ΩD, (2.7)
R = Ω−2R˜− 2(D − 1)Ω−3g˜µν∇µ∂νΩ− (D − 1)(D − 4)Ω−4g˜µν∂µΩ∂νΩ, (2.8)
where R˜ is the Ricci scalar constructed from g˜µν
R˜ = −∂µ∂ν g˜µν − 1
4
g˜µν g˜ρσg˜αβ∂µg˜ρα∂ν g˜σβ +
1
2
g˜µν g˜ρσg˜αβ∂µg˜σα∂ρg˜νβ. (2.9)
From (2.7) and (2.8), the Lagrangian of gravity is
Lgravity = 1
κ2
√−g[R− (D − 1)(D − 2)H2] (2.10)
=
1
κ2
[
ΩD−2R˜ + (D − 1)(D − 2)ΩD−4g˜µν∂µΩ∂νΩ− (D − 1)(D − 2)H2ΩD
]
.
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Note that the Lagrangian density is defined including
√−g in this paper.
In order to fix the gauge degrees from general coordinate invariance
x′µ = xµ + εµ, (2.11)
g′µν = gµν − gµρ∂νερ − gνρ∂µερ − ∂ρgµνερ,
we introduce the gauge fixing term [4]
LGF = −1
2
aD−2ηµνFµFν , (2.12)
Fµ = ∂ρh
ρ
µ − (D − 2)∂µw + (D − 2)h ρµ ∂ρ log a + 2(D − 2)w∂µ log a.
The corresponding ghost term at the quadratic level is
Lghost =− aD−2∂σ b¯µησν
{
ηµρ∂ν + ηνρ∂µ + 2ηµν∂ρ(log a)
}
bρ (2.13)
+ ∂µ(a
D−2b¯µ)ηρσ
{
ηρν∂σ + ηρσ∂ν(log a)
}
bν ,
where bµ is a ghost field and b¯µ is an anti-ghost field. From (2.9), (2.10), (2.12) and (2.13),
the quadratic part of the total Lagrangian density is
Lquadratic = aD−2
{1
2
D(D − 2)ηµν∂µw∂νw − D
4(D − 1)η
µν∂µh
00∂νh
00 − 1
4
ηµν∂µh˜
i
j∂ν h˜
j
i
+
1
2
ηµν∂µh
0i∂νh
0i + ηµν∂µb¯
0∂νb
0 − ηµν∂µb¯i∂νbi
}
+ aDH2
{− 2(D − 2)w2 + 2(D − 2)wh00 − 1
2
(D − 2)h00h00 (2.14)
+
1
2
(D − 2)h0ih0i + (D − 2)b¯0b0}.
Here we have decomposed hi j, i, j = 1, · · · , D − 1 into a trace part and a traceless part
hi j = h˜
i
j +
1
D − 1h
k
kδ
i
j = h˜
i
j +
1
D − 1h
00δij. (2.15)
(2.14) is diagonalized as
Lquadratic = aD
[ 1
2
a−2ηµν∂µX∂νX − 1
4
a−2ηµν∂µh˜
i
j∂ν h˜
j
i − a−2ηµν∂µb¯i∂νbi (2.16)
+
1
2
a−2ηµν∂µh
0i∂νh
0i +
1
2
(D − 2)H2h0ih0i
− 1
2
a−2ηµν∂µY ∂νY − (D − 3)H2Y 2
+ a−2ηµν∂µb¯
0∂νb
0 + (D − 2)H2b¯0b0],
where X, Y are
X = (D − 2)
√
D − 1
D − 3w −
1√
(D − 1)(D − 3)h
00, Y =
√
D − 2
2(D − 3)(h
00 − 2w). (2.17)
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(2.16) contains three types of fields. One is a massless and minimally coupled field: X, h˜i j ,
bi, b¯i. The others are two types of massless and non-minimally coupled fields: h0i, b0, b¯0,
and Y .
We restrict to the D = 4 case in the subsequent discussion. In this case, the non-minimally
coupled fields correspond with a massless conformally coupled field. We list gravitation
propagators as below
〈X(x)X(x′)〉 = −〈ϕ(x)ϕ(x′)〉, (2.18)
〈h˜i j(x)h˜kl(x′)〉 = (δikδjl + δilδ kj −
2
3
δijδ
k
l)〈ϕ(x)ϕ(x′)〉,
〈bi(x)b¯j(x′)〉 = δij〈ϕ(x)ϕ(x′)〉,
〈h0i(x)h0j(x′)〉 = −δij〈φ(x)φ(x′)〉, (2.19)
〈Y (x)Y (x′)〉 = 〈φ(x)φ(x′)〉,
〈b0(x)b¯0(x′)〉 = −〈φ(x)φ(x′)〉,
Here ϕ denotes a massless and minimally coupled scalar field and φ denotes a massless
conformally coupled scalar field
〈ϕ(x)ϕ(x′)〉 = H
2
4π2
{1
y
− 1
2
log y +
1
2
log a(τ)a(τ ′) + 1− γ}, (2.20)
〈φ(x)φ(x′)〉 = H
2
4π2
1
y
, (2.21)
where γ is Euler’s constant and y is the dS invariant distance
y =
−(τ − τ ′)2 + (x− x′)2
ττ ′
. (2.22)
It should be noted that the propagator for a massless and minimally coupled scalar field has
the dS symmetry breaking logarithmic term: log a(τ)a(τ ′). To explain what causes the dS
symmetry breaking, we recall the wave function for a massless and minimally coupled field
φp(x) =
Hτ√
2p
(1− i 1
pτ
)e−ipτ+ip·x. (2.23)
Inside the cosmological horizon, the physical momentum: P ≡ p/a(τ) ≫ H ⇔ p|τ | ≫ 1,
this wave function approaches that in Minkowski space up to a cosmic scale factor
φp(x) ∼ Hτ√
2p
e−ipτ+ip·x. (2.24)
On the other hand, the behavior outside the cosmological horizon P ≪ H is
φp(x) ∼ H√
2p3
eip·x. (2.25)
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The IR behavior indicates that the corresponding propagator has a scale invariant spectrum.
As a direct consequence of it, the propagator has a logarithmic divergence from the IR
contributions in the infinite volume limit.
To regularize the IR divergence, we introduce an IR cut-off ε0 which fixes the minimum value
of the comoving momentum ∫ H
ε0a−1(τ)
dP. (2.26)
With this prescription, the degrees of freedom (d.o.f.) outside the cosmological horizon
increase with cosmic evolution. Due to the increase, the propagator acquires a growing time
dependence which spoils the dS symmetry. In tribute to its origin, we call the dS symmetry
breaking term the IR logarithm. Physically speaking, 1/ε0 is recognized as an initial size of
the Universe when the exponential expanding starts. For simplicity, we set ε0 = H in (2.20).
As there is explicit time dependence in the propagator, physical quantities can acquire time
dependence through the quantum loop corrections. We call them the quantum IR effects
in dS space. By the power counting of the IR logarithms in quantum gravity, the leading
IR effects at n-loop level are estimated as (κ2H2 log a(τ))n. The estimation indicates that
even if κ2H2 ≪ 1, the quantum effects can eventually grow up to the tree level magnitude .
This is the reason why we focus on the quantum IR effects in dS space. Before concluding
this section, we introduce an approximation. Focusing on the IR effects, we can neglect
conformally coupled modes of gravity since they do not induce the IR logarithm. By applying
this approximation, we can identify the following two modes as
h00 ≃ 2w ≃
√
3
2
X. (2.27)
3 Quantum equation of motion
In the preceding section, we have reviewed that the gravitational field contains massless and
minimally coupled modes and the corresponding propagator is time dependent due to the
increase of d.o.f. outside the cosmological horizon. In this section, we investigate how the
quantum IR effects from gravitons influence the local dynamics of the matter fields. More
specifically, we evaluate the quantum equation of motion for matter fields including the
quantum IR effects from gravitons.
To begin with, we review how to derive the quantum equation of motion on a time dependent
background [21]. Let us represent the vacuum at t → −∞ as |in〉, and t → ∞ as |out〉.
In the Feynman-Dyson formalism on a flat background, it is presumed that |out〉 is equal
to |in〉 up to a phase factor. On the other hand, we cannot prefix |out〉 in dS space. The
correct strategy is to evaluate vacuum expectation values (vev) with respect to |in〉:
〈OH(x)〉 = 〈in|TC [U(−∞,∞)U(∞,−∞)OI(x)]|in〉. (3.1)
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where OH and OI denote the operators in the Heisenberg and the interaction pictures re-
spectively. U(t1, t2) is the time translation operator in the interaction picture
U(t1, t2) = exp
{
i
∫ t1
t2
d4x δLI(x)
}
. (3.2)
δL denotes the interaction term of the Lagrangian. It is crucial that the operator ordering
TC specified by the following path is adopted here
, (3.3)
∫
C
dt =
∫ ∞
−∞
dt+ −
∫ ∞
−∞
dt−.
We call it the Schwinger-Keldysh formalism. Since there are two time indices +,− in this
formalism, the propagator has four components(〈ϕ+(x)ϕ+(x′)〉 〈ϕ+(x)ϕ−(x′)〉
〈ϕ−(x)ϕ+(x′)〉 〈ϕ−(x)ϕ−(x′)〉
)
=
(〈Tϕ(x)ϕ(x′)〉 〈ϕ(x′)ϕ(x)〉
〈ϕ(x)ϕ(x′)〉 〈T˜ ϕ(x)ϕ(x′)〉
)
, (3.4)
where T˜ denotes the anti-time ordering.
We introduce the external source J+, J− for each path and evaluate
Z[J+, J−] = 〈in|TC [U(−∞,∞)U(∞,−∞) exp
{
i
∫
d4x (J+ϕ+ − J−ϕ−)
}
]|in〉. (3.5)
The generating functional for the connected Green’s functions is
iW [J+, J−] = logZ[J+, J−]. (3.6)
We define the classical field as
ϕˆA(x) = cAB
δW [J+, J−]
δJB(x)
, A, B = +,−, (3.7)
cAB =
(
1 0
0 −1
)
. (3.8)
By taking the limit J+ = J− = J in (3.7), we obtain the vev of ϕ where the action contains
the additional Jϕ term
〈ϕ(x)〉|Jϕ = ϕˆ+(x)|J+=J−=J = ϕˆ−(x)|J+=J−=J . (3.9)
Finally, we turn off the source term J = 0
〈ϕ(x)〉 = δW [J+, J−]
δJ+(x)
∣∣∣
J+=J−=0
= −δW [J+, J−]
δJ−(x)
∣∣∣
J+=J−=0
. (3.10)
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The effective action is obtained after the Legendre transformation
Γ[ϕˆ+, ϕˆ−] = W [J+, J−]−
∫
d4x (J+ϕˆ+ − J−ϕˆ−), (3.11)
where J+,− are given by ϕˆ+,− as follows
JA(x) = −cAB δΓ[ϕˆ+, ϕˆ−]
δϕˆB(x)
. (3.12)
From (3.9) and (3.12), we obtain in the limit ϕˆ+ = ϕˆ− = ϕˆ
J(x) = −δΓ[ϕˆ+, ϕˆ−]
δϕˆ+(x)
∣∣∣
ϕˆ+=ϕˆ−=ϕˆ
=
δΓ[ϕˆ+, ϕˆ−]
δϕˆ−(x)
∣∣∣
ϕˆ+=ϕˆ−=ϕˆ
. (3.13)
In the absence of the external source, the exact equation of motion is obtained including
quantum effects
δΓ[ϕˆ+, ϕˆ−]
δϕˆ+(x)
∣∣∣
ϕˆ+=ϕˆ−=ϕˆ
= −δΓ[ϕˆ+, ϕˆ−]
δϕˆ−(x)
∣∣∣
ϕˆ+=ϕˆ−=ϕˆ
= 0. (3.14)
We call these identities the quantum equation of motion in this paper. In the following
subsections, we evaluate these identities in concrete models to understand quantum IR effects
from gravitons to matter field dynamics at the one-loop level.
3.1 Free field theories
Let us investigate the effects of soft gravitons on the local dynamics of a free scalar and Dirac
field. First we investigate a massless conformally coupled scalar field. The corresponding
action is
S =
∫ √−gd4x[− 1
2
gµν∂µφ∂νφ− 1
12
Rφ2
]
. (3.15)
For convenience, we redefine the matter field:
Ωφ→ φ, (3.16)
S =
∫
d4x
[− 1
2
g˜µν∂µφ∂νφ− 1
12
R˜φ2
]
. (3.17)
To obtain the quantum equation of the matter field, we decompose it into the classical field
and the quantum fluctuation
φ→ φˆ+ φ. (3.18)
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By differentiating (3.17) with respect to φˆ+ as in (3.14), we obtain the quantum equation of
motion. The quantum equation of motion up to the one-loop level is expressed as
∂2φˆ(x) +
1
2
κ2∂µ(〈(hµρ)+(x)(h νρ )+(x)〉∂ν φˆ(x)) (3.19)
− iκ2∂µ
∫
d4x′ cAB〈(hµν)+(x)(hρσ)A(x′)〉〈∂νφ+(x)∂′ρφB(x′)〉∂′σφˆ(x′) ≃ 0,
where ∂2 = ηµν∂µ∂ν and we have taken the limit φˆ+ = φˆ− = φˆ.
We have neglected the Ricci scalar in (3.19) and do not consider the contribution from
differentiated gravitational fields also in the subsequent calculations. The differentiated
gravitons lead to the following terms in the quantum equation
(∂ log a(τ))∂φˆ ∼ Ha(τ)∂φˆ(x), (∂∂ log a(τ))φˆ ∼ H2a2(τ)φˆ(x). (3.20)
In this paper, we investigate the effects of the IR logarithms due to soft gravitons on the
microscopic matter dynamics. Specifically we set the external momentum to be of the sub-
horizon scale:
P ≫ H ⇔ ∂φˆ(x)≫ Ha(τ)φˆ(x), (3.21)
and focus on the super-horizon fluctuation of the internal momentum:
〈hµν(x)hρσ(x)〉 → H2
∫ −1
τ
H
dq
q
= H2 log a(τ). (3.22)
Note that ∂ operating the classical field is identified as the external comoving momentum
scale p and the conformally coupled scalar field does not induce the IR logarithm.
The dynamics at the sub-horizon scale is directly observable. That is why we adopt the
setting of the external momentum (3.21). Of course we also assume the external momentum
to be much smaller than the Planck scale such that quantum gravity effect is small. The
remarkable point is that the IR logarithmic correction focused in (3.22) may become large
at late times to be of the same magnitude of the tree order. The other terms neglected
in (3.22) lead to UV divergences in general. We can renormalize them by introducing all
possible counter terms. Although there are infinite freedoms to choose finite parts of the
counter terms, the UV corrections are constant in time contrary to the IR corrections and
so suppressed by κ2H2 or κ2P 2. If we impose only the condition (3.21), we need to con-
sider higher derivative terms. However the IR logarithms do not associate with them. The
requirement of (3.21) and (3.22) indicates that we evaluate the coefficient of the following
term
κ2H2 log a(τ)∂∂φˆ(x). (3.23)
That is why we do not consider the contribution from differentiated gravitational fields in
this paper. Of course, if we are interested in the dynamics at the super-horizon scale, it
is not correct to neglect differentiated gravitational fields. As an example, please see Eq.
(90)-(91) in [16]. We also refer to the fact that as far as we consider the dynamics at the
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sub-horizon scale, there is no loss of generality to assume that the scalar field is conformally
coupled to gravity §.
From (2.18) and (2.27), we have only to focus on the following propagators to extract massless
and minimally coupled modes from gravity
〈h00(x)h00(x′)〉 ≃ −3
4
〈ϕ(x)ϕ(x′)〉, (3.24)
〈h00(x)hi j(x′)〉 ≃ −
1
4
δij〈ϕ(x)ϕ(x′)〉,
〈hi j(x)hkl(x′)〉 ≃ (δikδjl + δilδ kj −
3
4
δijδ
k
l)〈ϕ(x)ϕ(x′)〉.
By adopting an UV regularization, the propagator at coincident point is estimated as follows
〈ϕ(x)ϕ(x)〉 = (UV divergent const) + H
2
4π2
log a(τ). (3.25)
Along the above discussion, we focus on the time dependent dS symmetry breaking part
〈ϕ(x)ϕ(x)〉 ≃ H
2
4π2
log a(τ). (3.26)
On the other hand, the matter field contains only a conformally coupled mode and so we
can use the exact propagator
〈φ(x)φ(x′)〉 = 1
4π2
1
∆x2
, (3.27)
where ∆xµ ≡ xµ − x′µ, ∆x2 ≡ ηµν∆xµ∆xν . It should be noted that we have redefined the
matter field. In (2.20) and (3.27), the Schwinger-Keldysh indices are assigned as follows
yAB = H
2a(τ)a(τ ′)∆x2AB, A, B = ±, (3.28)
∆x2++ = −(|τ − τ ′| − ie)2 + (x− x′)2, (3.29)
∆x2+− = −(τ − τ ′ + ie)2 + (x− x′)2,
∆x2−+ = −(τ − τ ′ − ie)2 + (x− x′)2,
∆x2−− = −(|τ − τ ′|+ ie)2 + (x− x′)2,
where e is a positive infinitesimal quantity.
From (3.21), (3.24) and (3.26), the second term in (3.19) is evaluated as
1
2
κ2∂µ(〈(hµρ)+(x)(h νρ )+(x)〉∂ν φˆ(x)) ≃
κ2H2
4π2
log a(τ)
{3
8
∂20 +
13
8
∂2i
}
φˆ(x). (3.30)
§In the minimally coupled case, we need to include the contribution from soft scalar and hard graviton
intermediate states.
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To evaluate the third term in (3.19), we need to perform the following integration
− iκ2∂µ
∫
d4x′ cAB〈ϕ+(x)ϕA(x′)〉〈∂νφ+(x)∂′ρφB(x′)〉∂′σφˆ(x′) (3.31)
= iκ2∂µ
∫
d4x′ cAB∂
′
σ
{〈ϕ+(x)ϕA(x′)〉〈∂νφ+(x)∂′ρφB(x′)〉}φˆ(x′).
We should note that the dS invariant part of 〈ϕ+(x)ϕA(x′)〉 does not contribute to the
coefficient of log a(τ). It is because under the scaling transformation (2.3), the corresponding
integral scales in agreement with its dimension:
iκ2∂µ
∫
d4x′ cAB∂
′
σ
{
F (y+A)〈∂νφ+(x)∂′ρφB(x′)〉
}
φˆ(x′) (3.32)
→ C−2 × iκ2∂µ
∫
d4x′ cAB∂
′
σ
{
F (y+A)〈∂νφ+(x)∂′ρφB(x′)〉
}
φˆ(Cx′),
where F is a certain function. In order to evaluate the coefficient of log a(τ), we only need
to retain the dS breaking term of 〈ϕ+(x)ϕA(x′)〉:
〈ϕ(x)ϕ(x′)〉 ≃ H
2
8π2
log a(τ)a(τ ′). (3.33)
This breaking term does not contain the Schwinger-Keldysh index. Up to O(log a(τ)), the
following identity works
iκ2∂µ
∫
d4x′ ∂′σ
{H2
8π2
log a(τ)a(τ ′)
[〈∂νφ+(x)∂′ρφ+(x′)〉 − 〈∂νφ+(x)∂′ρφ−(x′)〉]}φˆ(x′) (3.34)
≃ H
2
4π2
log a(τ)× iκ2∂µ∂ν∂ρ∂σ
∫
d4x′
[〈φ+(x)φ+(x′)〉 − 〈φ+(x)φ−(x′)〉]φˆ(x′).
Here we have neglected the differentiated logarithms and used the translation symmetry of
〈φ(x)φ(x′)〉. The above approximation method has been introduced in Yukawa theory and
scalar QED [18, 19, 20].
To evaluate the kinetic term, we need to expand φˆ up to the second order
φˆ(x′)→ φˆ(x)− ∂αφˆ(x)∆xα + 1
2
∂α∂βφˆ(x)∆x
α∆xβ. (3.35)
From (3.27), (3.34) and (3.35), (3.31) is written as
i
κ2H2
16π4
log a(τ)∂µ∂ν∂ρ∂σ
∫
d4x′
{[ 1
∆x2++
− 1
∆x2+−
]
φˆ(x)− [ ∆xα
∆x2++
− ∆x
α
∆x2+−
]
∂αφˆ(x) (3.36)
+
1
2
[∆xα∆xβ
∆x2++
− ∆x
α∆xβ
∆x2+−
]
∂α∂βφˆ(x)
}
.
To investigate the kinetic term, we need to perform the following integrations. We list the
results below
∂α∂β
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
]
= −4iπ2δ 0α δ 0β , (3.37)
11
∂β∂γ∂δ
∫
d4x′
[ ∆xα
∆x2++
− ∆xα
∆x2+−
]
= 8iπ2δ 0α δ
0
β δ
0
γ δ
0
δ , (3.38)
∂γ∂δ∂ε∂η
∫
d4x′
[∆xα∆xβ
∆x2++
− ∆xα∆xβ
∆x2+−
]
(3.39)
=− 32iπ2δ 0α δ 0β δ 0γ δ 0δ δ 0ε δ 0η − 8iπ2ηαβδ 0γ δ 0δ δ 0ε δ 0η .
We explain how to derive them in Appendix A. In total, (3.31) induces the following kinetic
term with the IR logarithm
κ2H2
4π2
log a(τ)
{
δ 0µ δ
0
ν ∂ρ∂σ + δ
0
µ δ
0
ρ ∂ν∂σ + δ
0
µ δ
0
σ ∂ν∂ρ + δ
0
ν δ
0
ρ ∂µ∂σ + δ
0
ν δ
0
σ ∂µ∂ρ + δ
0
ρ δ
0
σ ∂µ∂ν
− 2(δ 0µ δ 0ν δ 0ρ ∂σ + δ 0µ δ 0ν δ 0σ ∂ρ + δ 0µ δ 0ρ δ 0σ ∂ν + δ 0ν δ 0ρ δ 0σ ∂µ)∂0
+ 4δ 0µ δ
0
ν δ
0
ρ δ
0
σ ∂
2
0 + δ
0
µ δ
0
ν δ
0
ρ δ
0
σ ∂
2
}
φˆ(x). (3.40)
In (3.37)-(3.39), the integrands contain the step function θ(τ − τ ′) due to the causality. In
fact, these integrals take finite values just from the derivative of the step function. So they
are identified as the local terms. The above procedure implicitly indicates that only the local
terms contribute to the dS symmetry breaking.
Here we should emphasize that we investigate the off-shell effective field equation in this
paper. In investigating the dS symmetry breaking, we need to distinguish the initial time
dependence from the dependence of virtuality. The non-local terms respect the dS symmetry
due to the existence of the nonzero virtuality. For more detail, please refer to Appendix B.
From (3.24) and (3.40), the third term in (3.19) leads to
κ2H2
4π2
log a(τ)
{− 3
4
∂20 −
5
4
∂2i
}
φˆ(x). (3.41)
From (3.30) and (3.41), the quantum equation of motion of a scalar field including the
one-loop correction from soft gravitons is
{
1 +
3κ2H2
32π2
log a(τ)
}
∂2φˆ(x). (3.42)
Although each contribution (3.30), (3.41) breaks the Lorentz invariance, the total of them
preserves it. The IR effect emerges just as an overall factor¶. Since the derivative of log a(τ)
is negligible on the local dynamics at the sub-horizon scale, we can eliminate it by the
following time dependent renormalization of a scalar field:
φ→ Zφφ, Zφ ≃ 1− 3κ
2H2
64π2
log a(τ). (3.43)
We have checked that the same result is obtained in an exact calculation with the dimensional
regularization. The IR logarithm originates from the dS symmetry breaking term in the
¶In the minimally coupled case, the contribution from soft scalar and hard graviton intermediate states
enhances the quantum correction by a factor of 4/3.
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graviton propagator in such a calculation. For more detail, please refer to Appendix B. We
also remark that the IR logarithm can be absorbed into the wave function renormalization
factor even if we include a mass term as a perturbation.
Next we perform a parallel investigation with a Dirac field. The corresponding action is
S =
∫ √−gd4x iψ¯eµaγa∇µψ, (3.44)
where eµa is a vierbein and γ
a is the gamma matrix:
γaγb + γbγa = −2ηab. (3.45)
The vierbein can be parametrized as
eµa = Ω
−1e˜µa, e˜
µ
a = (e
−κ
2
h)µa. (3.46)
In a similar way to (3.17), we redefine the matter field:
Ω
3
2ψ → ψ, (3.47)
S =
∫
d4x iψ¯e˜µaγ
a∇˜µψ. (3.48)
By decomposing ψ into the classical field and the quantum fluctuation
ψ → ψˆ + ψ, (3.49)
and differentiating (3.48) with respect to ˆ¯ψ, the quantum equation of motion up to the
one-loop level is written as
iηµaγ
a∂µψˆ(x) + i
κ2
8
〈(hµρ)+(x)(hρa)+(x)〉γa∂µψˆ(x) (3.50)
− iκ
2
4
∫
d4x′ cAB〈(hµa)+(x)(hνb)A(x′)〉γa〈∂µψ+(x)ψ¯B(x′)〉γb∂′νψˆ(x′) ≃ 0.
Here we have approximated ∇˜µ ≃ ∂µ since the spin connection consists of the the differen-
tiated gravitational field.
By substituting the identity 〈ψ(x)ψ¯(x′)〉 = iηρcγc∂ρ〈φ(x)φ(x′)〉, (3.50) is written as
iηµaγ
a∂µψˆ(x) + i
κ2
8
〈(hµρ)+(x)(hρa)+(x)〉γa∂µψˆ(x) (3.51)
+
κ2
4
ηρc
∫
d4x′ cAB〈(hµa)+(x)(hνb)A(x′)〉γaγc〈∂µ∂ρφ+(x)φB(x′)〉γb∂′νψˆ(x′) ≃ 0.
From (3.24) and (3.26), the second term in (3.51) is evaluated as
i
κ2
8
〈(hµρ)+(x)(hρa)+(x)〉γa∂µψˆ(x) ≃
κ2H2
4π2
log a(τ)× i{− 3
32
γ0∂0 +
13
32
γi∂i
}
ψˆ(x). (3.52)
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To evaluate the third term in (3.51), we need to perform the following integration
κ2
4
ηρc
∫
d4x′ cAB〈ϕ+(x)ϕA(x′)〉γaγc〈∂µ∂ρφ+(x)φB(x′)〉γb∂′νψˆ(x′) (3.53)
≃ κ
2
4
H2
4π2
log a(τ) ηρcγ
aγcγb∂µ∂ν∂ρ
∫
d4x′
[〈φ+(x)φ+(x′)〉 − 〈φ+(x)φ−(x′)〉]ψˆ(x′).
Here we have adopted the same approximation procedure with the scalar field case.
Just like the scalar field theory case, we need to evaluate local terms to estimate quantum IR
effects due to soft gravitons: κ2H2 log a(τ)γa∂µψˆ(x). For such a purpose, we need to expand
ψˆ(x′) up to the first order
ψˆ(x′)→ ψˆ(x)− ∂αψˆ(x)∆xα. (3.54)
From (3.27) and (3.54), (3.53) is written as
κ2H2
64π4
log a(τ)ηρcγ
aγcγb∂µ∂ν∂ρ
∫
d4x′ (3.55)
×
{[ 1
∆x2++
− 1
∆x2+−
]
ψˆ(x)− [ ∆xα
∆x2++
− ∆x
α
∆x2+−
]
∂αψˆ(x)
}
.
By substituting (3.37) and (3.38) to (3.55), (3.53) is evaluated as
i
κ2H2
4π2
log a(τ)ηρcγ
aγcγb
{− 1
4
(δ 0µ δ
0
ν ∂ρ + δ
0
µ δ
0
ρ ∂ν + δ
0
ν δ
0
ρ ∂µ) +
1
2
δ 0µ δ
0
ν δ
0
ρ ∂0
}
ψˆ(x). (3.56)
From (3.24) and (3.56), the third term in (3.51) is
κ2H2
4π2
log a(τ)× i{ 3
16
γ0∂0 − 5
16
γi∂i
}
ψˆ(x). (3.57)
From (3.52) and (3.57), the quantum equation of motion of a Dirac field including the one-
loop correction from soft gravitons is
{
1 +
3κ2H2
128π2
log a(τ)
}× iηµaγa∂µψˆ(x). (3.58)
Just like a scalar field, the IR effect from gravitons to a Dirac field preserves the Lorentz
invariance. It can be eliminated by the following time dependent wave function renormal-
ization of a Dirac field:
ψ → Zψψ, Zψ ≃ 1− 3κ
2H2
256π2
log a(τ). (3.59)
We also remark again that the IR logarithm can be absorbed into the wave function renor-
malization factor even if we include a mass term as a perturbation.
We summarize our investigations in this subsection. Inside the cosmological horizon, the IR
effects of the gravitons at the one-loop level preserve the Lorentz invariance both in a free
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scalar and Dirac field theory. We suspect that this is the case beyond the one-loop level in the
both scalar and Dirac field cases. Although we think it is likely that soft graviton effects do
not spoil Lorentz invariance of local physics, so far we have only demonstrated it by explicit
calculations. We need to understand a mechanism to ensure it to all orders in perturbation
theory. Our analysis has shown that the IR effects manifest as the overall factors of the
kinetic terms. In free field theories, they can be renormalized away by a time dependent wave
function renormalization. With interaction, the wave function renormalization contributes
to the renormalization of the coupling constants. We investigate the IR effects in φ4 theory
and Yukawa theory in the next section.
3.2 Parametrization dependence
We should compare our results to those in different parametrizations of the metric. As an
example, the IR effects on a Dirac field have been investigated in the same gauge but in a
different parametrization of the metric [15, 16, 17]. Here we make a parallel investigation in
the parametrization:
gµν = a
2(τ)(ηµν + 2κΦ(x)ηµν + κΨµν(x)), η
µνΨµν = 0. (3.60)
We have divided the fluctuation into the trace and traceless part to facilitate the comparison
with our parametrization (2.4)-(2.6). Furthermore, the authors of these papers adopt a
different matter field redefinition from ours:
a
3
2ψ → ψ. (3.61)
Since our calculations are rather heuristic in comparison to their dimensionally regulated
and fully renormalized result, it is eventually desirable to perform an analogous analysis.
Nevertheless our calculations are consistent with theirs with respect to how soft gravitons
influence the local dynamics of the matter field at the sub-horizon scale as explained below.
Referring to Eq. (229) in [15], the effective equation of the Dirac field is written as
iηµaγ
a∂µψˆ(x)−
∫
d4x′ cAΣ+A(x, x
′)ψˆ(x′) = 0, (3.62)
Σ(x, x′) =
iκ2H2
64π2
{ log (a(τ)a(τ ′))
H2a(τ)a(τ ′)
∂2ηµa +
15
2
log
(
a(τ)a(τ ′)
)
ηµa (3.63)
− 7 log (a(τ)a(τ ′))(ηµa − δµ0δ0a)}γa∂µδ(4)(x− x′)
+
κ2H2
256π4
[{ 1
H2a(τ)a(τ ′)
∂2ηµa +
15
2
ηµa − (ηµa − δµ0δ0a)
}
γa∂µ∂
2 log µ
2∆x2
∆x2
− 8(ηµa − δµ0δ0a)γa∂µ∂2
log H
2
4
∆x2
∆x2
+ 4ηµaγ
a∂µ∂
2
i
log H
2
4
∆x2
∆x2
+ 7ηµaγ
a∂µ∂
2
i
1
∆x2
]
,
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where cA is identified as c± = ±1 (the order of the double-sign corresponds). From the
self-energy (3.63), the authors derive the solution of the effective field equation at the super-
horizon scale. Specifically please see Eq. (32) in [16], or Eq. (38) in [17]. In contrast, we
investigate the off-shell effective field equation at the sub-horizon scale. We can recover the
off-shell effective action from it up to a field independent function. One aim in this paper
is to evaluate the wave function renormalization factor. We can uniquely determine it from
the off-shell effective action by identifying the coefficient of the kinetic term, namely γµpµ
for a Dirac field for example (in the on-shell limit we need to evaluate the derivative with
respect to pµ since γ
µpµψˆ = 0). Note that Lorentz invariance must hold effectively in this
procedure. In contrast to the flat space case, the result depends slowly on the conformal
time. This IR logarithmic part grows large at late times. We evaluate only this part in our
approximation procedure. Determining the full expression including the time independent
part is beyond the scope of this paper.
In a similar way to (3.53) and (3.54), we can extract the local terms with the IR logarithms.
The total of them is found as
{
ηµa −
κ2H2
16π2
log a(τ)(ηµa − δµ0δ0a)
}× iγa∂µψˆ(x). (3.64)
See Appendix C for detailed calculations. The result (3.64) is different from our result (3.58).
Furthermore it breaks the Lorentz invariance. The discrepancy originates just from the
different choice of the parametrization of the metric and the matter field redefinition. That
is, we can derive (3.64) from (3.58) by considering these differences within our approximation.
Let us briefly explain the process of the derivation. We should note that the parametrization
difference of the metric between (2.4)-(2.6) and (3.60) emerges in the non-linear level:
κw = κΦ− κ2Φ2 − 1
16
κ2ΨρσΨ
ρσ + · · · , (3.65)
κhµν = κΨµν − 2κ2ΦΨµν − 1
2
κ2Ψ ρµ Ψρν +
1
8
κ2ΨρσΨ
ρσηµν + · · · .
Then, as far as we adopt the same gauge
Fµ = ∂ρΨ
ρ
µ − 2∂µΦ + 2Ψ ρµ ∂ρ log a + 4Φ∂µ log a, (3.66)
we have only to rename the field components to obtain the gravitational propagator in the
parametrization (3.60):
w → Φ, hµν → Ψµν . (3.67)
If we do not consider the difference of the field redefinition, the parametrization difference
of the metric (3.65) contributes only to the tadpole diagram:
∆(δΓ/δψˆ)|metric = −iκ
2
〈(hµa)+(x)〉|NLγa∂µψˆ(x), (3.68)
where κ〈hµν(x)〉|NL is identified as
κ〈hµν(x)〉|NL = −2κ2〈Φ(x)Ψµν(x)〉 − 1
2
κ2〈Ψ ρµ (x)Ψρν(x)〉+
1
8
κ2〈Ψρσ(x)Ψσρ(x)〉ηµν . (3.69)
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From (3.24) and (3.67), (3.68) is evaluated as
∆(δΓ/δψˆ)|metric ≃ iκ
2H2
4π2
log a(τ)
{− 3
8
γ0∂0 +
1
8
γi∂i
}
ψˆ(x). (3.70)
In addition to the above, the field redefinition from (3.47) to (3.61) contributes to the quan-
tum equation of motion as:
∆(δΓ/δψˆ)|field (3.71)
=
{
3κ〈w+(x)〉|NLηµa +
9
2
κ2〈w+(x)w+(x)〉ηµa −
3
2
κ2〈w+(x)(hµa)+(x)〉
}
γa∂µψˆ(x)
− iκ2
∫
d4x′ cAB
{
9〈w+(x)wA(x′)〉ηµaηνb −
3
2
〈w+(x)(hνb)A(x′)〉ηµa
− 3
2
〈(hµa)+(x)wA(x′)〉ηνb
}
γa〈∂µψ+(x)ψ¯B(x′)〉γb∂′νψˆ(x′),
where κ〈w(x)〉|NL originates in the parametrization difference of the metric (3.65)
κ〈w(x)〉|NL = −κ2〈Φ2(x)〉 − 1
16
κ2〈Ψρσ(x)Ψρσ(x)〉. (3.72)
From (3.24), (3.53), (3.56) and (3.67), the following local term with the IR logarithm is
reduced from (3.71)
∆(δΓ/δψˆ)|field ≃ iκ
2H2
4π2
log a(τ)
{ 9
32
γ0∂0 − 15
32
γi∂i
}
ψˆ(x). (3.73)
By adding (3.70) and (3.73) to (3.58), we can derive (3.64). So we conclude that the discrep-
ancy between (3.58) and (3.64) originates just from the different choice of the parametrization
of the metric and the matter field redefinition. Although (3.64) breaks the Lorentz invari-
ance, it can be eliminated by shifting the background metric. We will report the prescription
to retain the Lorentz invariance elsewhere [22].
4 φ4 theory and Yukawa theory
Here we investigate the IR effects from gravitons to interacting field theories. As specific
examples, we adopt φ4 theory and Yukawa theory. Since the coupling constants are dimen-
sionless,
√−g can be absorbed by the field redefinition Ωφ→ φ, Ω 32ψ → ψ
δL4 = − λ
4!
φ4, (4.1)
δLY = −gφψ¯ψ. (4.2)
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After the wave function renormalization (3.43), (3.59), the interaction terms are renormalized
as
δL4 = − λ
4!
Z4φφ
4, (4.3)
δLY = −gZφZ2ψφψ¯ψ. (4.4)
First, we investigate φ4 theory. Up to the one-loop level, the following nonlinear terms should
be added to the left-hand side in (3.19)
−λ
6
Z4φφˆ
3(x) +
λκ2
2
∫
d4x′d4x′′ cABcCD〈(hµν)+(x)(hρσ)A(x′)〉 (4.5)
× 〈∂µ∂νφ+(x)φC(x′′)〉〈∂′ρ∂′σφB(x′)φD(x′′)〉φˆ(x′)φˆ2(x′′)
+
λκ2
2
∫
d4x′d4x′′ cABcCD〈(hµν)A(x′)(hρσ)C(x′′)〉
× 〈φ+(x)∂′µ∂′νφB(x′)〉〈φ+(x)∂′′ρ∂′′σφD(x′′)〉φˆ(x)φˆ(x′)φˆ(x′′).
Here we have performed the partial integration and neglected the differentiated gravitational
field. The second and third terms denote the quantum correction to the vertex. The purpose
in this section is to evaluate the effective coupling constant. To do that, we have only
to extract the zeroth order of the classical fields in the Taylor expansion of the relative
coordinates
φˆ(x′)φˆ2(x′′), φˆ(x)φˆ(x′)φˆ(x′′)→ φˆ3(x). (4.6)
In a similar way to (3.34) and (3.53), to evaluate these integrals up to κ2H2 log a(τ), we may
adopt the following approximation
〈(hµν)+(x)(hρσ)+(x)〉
∫
d4x′d4x′′. (4.7)
In this approximation, only the following local term contributes to the remaining integrals
〈∂µ∂νφ+(x)φ+(x′)〉 = −〈∂µφ+(x)∂′νφ+(x′)〉 → −iδ 0µ δ 0ν δ(4)(x− x′). (4.8)
As explained in the preceding subsection, the non-local term which we have neglected in
(4.7) does not induce the dS symmetry breaking logarithm. As a result, (4.5) is evaluated
as
− λ
6
Z4φφˆ
3(x)− λκ2〈(h00)+(x)(h00)+(x)〉φˆ3(x) (4.9)
≃− 1
6
λ
{
1− 21κ
2H2
16π2
log a(τ)
}
φˆ3(x).
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In the second line, we have substituted (3.24), (3.26) and (3.43). (4.9) implies that the
effective coupling constant in φ4 theory decreases with cosmic expansion under the influence
of soft gravitons
λeff ≃ λ
{
1− 21κ
2H2
16π2
log a(τ)
}
. (4.10)
Next, we investigate Yukawa theory. Up to the one-loop level, the following nonlinear terms
should be added to the left-hand side in (3.50)
−gZφZ2ψφˆ(x)ψˆ(x) +
gκ2
4
∫
d4x′d4x′′ cABcCD〈(hµa)+(x)(hνb)A(x′)〉 (4.11)
× 〈γa∂µψ+(x)ψ¯C(x′′)〉〈ψD(x′′)∂′νψ¯B(x′)〉φˆ(x′′)γbψˆ(x′)
+ i
gκ2
2
∫
d4x′d4x′′ cABcCD〈(hµa)+(x)(hρσ)A(x′)〉
× 〈γa∂µψ+(x)ψ¯C(x′′)〉〈∂′ρ∂′σφB(x′)φD(x′′)〉φˆ(x′)ψˆ(x′′)
− igκ
2
2
∫
d4x′d4x′′ cABcCD〈(hµa)A(x′)(hρσ)C(x′′)〉
× 〈ψ+(x)∂′µψ¯B(x′)〉〈φ+(x)∂′′ρ∂′′σφD(x′′)〉φˆ(x′′)γaψˆ(x′).
To evaluate the effective coupling constant, we have only to extract the zeroth order of the
classical fields in the Taylor expansion of the relative coordinates
φˆ(x′′)ψˆ(x′), φˆ(x′)ψˆ(x′′)→ φˆ(x)ψˆ(x). (4.12)
By substituting 〈ψ(x)ψ¯(x′)〉 = iηνcγc∂ν〈φ(x)φ(x′)〉 and performing the parallel procedure
with (4.7)-(4.8), (4.11) is evaluated as
− gZφZ2ψφˆ(x)ψˆ(x)− g ·
5κ2
4
〈(h00)+(x)(h00)+(x)〉φˆ(x)ψˆ(x) (4.13)
≃− g{1− 39κ2H2
128π2
log a(τ)
}
φˆ(x)ψˆ(x).
We find that the effective coupling constant decreases with cosmic expansion also in Yukawa
theory:
geff ≃ g
{
1− 39κ
2H2
128π2
log a(τ)
}
. (4.14)
As seen in (4.10) and (4.14), the gravitational fluctuations outside the cosmological horizon
influence the physics inside the cosmological horizon at the one-loop level. By the power
counting of the IR logarithms, the leading IR effect at the n-loop level is estimated as of
order (κ2H2 log a(τ))n. Since the perturbation theory is broken after κ2H2 log a(τ) ∼ 1, we
need a nonperturbative method to understand its long term consequences.
Furthermore, we should emphasize that such IR effects on the dimensionless couplings can
not be absorbed by the background metric. That is because the matter actions are indepen-
dent of the conformal factor. As for the dynamics at the sub-horizon scale, the fact holds
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even when the quadratic matter action is non-conformally coupled. Thus the super-horizon
gravitons certainly contribute to the sub-horizon dynamics, at least in the gauge (2.12). Of
course we need to make sure that this is a physical effect. In order to clarify such an issue,
we investigate the gauge dependence of these perturbative IR effects in the next section.
5 Gauge dependence
In the previous sections, we have investigated the IR effects with the gauge fixing term (2.12).
It is important to investigate the gauge dependence of the obtained results. In this section,
we adopt the following gauge fixing term with a parameter β:
LGF = −1
2
aD−2ηµνFµFν , (5.1)
Fµ = β∂ρh
ρ
µ − β(D − 2)∂µw +
1
β
(D − 2)h ρµ ∂ρ log a +
2
β
(D − 2)w∂µ log a.
This gauge fixing term coincides with (2.12) at β = 1. For simplicity, we consider the case
|β2 − 1| ≪ 1 since the deformation from (2.12) can be investigated perturbatively. The
deformation of the action at O(β2 − 1) is
δLβ2−1 ≃ −1
2
(β2 − 1)a2[ ηµν∂µh00∂νh00 − 3∂0h00∂0h00 − 5
9
∂ih
00∂ih
00 (5.2)
− 4
3
∂ih
00∂kh˜
ki + ∂kh˜
k
i∂lh˜
li
]
.
Here we have set D = 4 and neglected massless conformally coupled modes. In addition, we
have ignored ghost fields since they do not couple to matter fields. To investigate the gauge
dependence, we evaluate the correction to the gravitational propagator from the additional
term (5.2).
As seen in (3.34), (3.53) and (4.7), we only need to investigate the graviton propagator at
the coincident point to evaluate the coefficient of κ2H2 log a(τ). From (3.24) and (5.2), the
IR logarithm can emerge in the following propagators
〈(h00)+(x)(h00)+(x)〉|β2−1 ≃− i(β2 − 1)
∫
d4x′ a2(τ ′)cAB (5.3)
× { ηµν〈(h00)+(x)∂′µ(h00)A(x′)〉〈(h00)+(x)∂′ν(h00)B(x′)〉
− 3〈(h00)+(x)∂′0(h00)A(x′)〉〈(h00)+(x)∂′0(h00)B(x′)〉
− 5
9
〈(h00)+(x)∂′i(h00)A(x′)〉〈(h00)+(x)∂′i(h00)B(x′)〉
}
,
〈(h00)+(x)(h˜ij)+(x)〉|β2−1 ≃− i(β2 − 1)
∫
d4x′ a2(τ ′)cAB (5.4)
× {− 2
3
〈(h00)+(x)∂′k(h00)A(x′)〉〈(h˜ij)+(x)∂′l(h˜lk)B(x′)〉
}
,
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〈(h˜ij)+(x)(h˜kl)+(x)〉|β2−1 ≃− i(β2 − 1)
∫
d4x′ a2(τ ′)cAB (5.5)
× {〈(h˜ij)+(x)∂′m(h˜mp)A(x′)〉〈(h˜kl)+(x)∂′n(h˜np)B(x′)〉}.
To evaluate them, we need to perform the integration involving a massless and minimally
coupled field
− i(β2 − 1)
∫
d4x′ a2(τ ′)cAB〈ϕ+(x)∂′µϕA(x′)〉〈ϕ+(x)∂′νϕB(x′)〉. (5.6)
In the integral, the following term of (2.20) contributes to the IR logarithm
〈ϕ(x)ϕ(x′)〉 ≃ H
2
8π2
{− log y + log a(τ)a(τ ′)} = −H2
8π2
logH2∆x2. (5.7)
By substituting (5.7) and using the following identity∫
d4x′
1
τ ′2
[∆xµ∆xν
∆x4++
− ∆xµ∆xν
∆x4+−
] ≃ −4iπ2 log a(τ){δ 0µ δ 0ν + 12ηµν}, (5.8)
the integral (5.6) is evaluated as
−(β2 − 1)H
2
4π2
log a(τ)
{
δ 0µ δ
0
ν +
1
2
ηµν
}
. (5.9)
We explain how to derive the identity (5.8) in Appendix A.
From (5.9), (5.3)-(5.5) are
〈(h00)+(x)(h00)+(x)〉|β2−1 ≃ −(β2 − 1)×−3
4
H2
4π2
log a(τ), (5.10)
〈(h00)+(x)(h˜ij)+(x)〉|β2−1 ≃ 0,
〈(h˜ij)+(x)(h˜kl)+(x)〉|β2−1 ≃ −(β2 − 1)× (δikδjl + δilδjk − 2
3
δijδkl)
H2
4π2
log a(τ).
We should note that the deformation of the propagator is proportional to the original one.
As a result, in the deformed gauge (5.1), we have only to replace the gravitational propagator
as follows
〈(hµν)+(x)(hρσ)+(x)〉 →
{
1− (β2 − 1)}〈(hµν)+(x)(hρσ)+(x)〉. (5.11)
From this fact, we can conclude that the Lorentz invariance is preserved for a continuous β
Zφ ≃ 1− (2− β2)3κ
2H2
64π2
log a(τ), (5.12)
Zψ ≃ 1− (2− β2)3κ
2H2
256π2
log a(τ). (5.13)
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However the effective couplings are found to be gauge dependent.
λeff ≃ λ
{
1− (2− β2)21κ
2H2
16π2
log a(τ)
}
, (5.14)
geff ≃ g
{
1− (2− β2)39κ
2H2
128π2
log a(τ)
}
.
Here we summarize our findings as follows. In the original gauge the dimensionless coupling
constants λ and g are screened by soft gravitons and decrease with time in dS space. They
acquire nontrivial scaling exponents in dS space as
λeff = λf(t)
21
4 , geff = gf(t)
39
32 (5.15)
where f(t) = 1− κ2H2
4π2
Ht. In order to confirm that this is a physical effect, we have examined
the gauge parameter dependence of these results using one parameter family of the graviton
propagator. As it turns out f(t) depends on a gauge parameter β as f(t) = 1−(2−β2)κ2H2
4π2
Ht.
Nevertheless we observe that the following relative scaling relation is independent of a gauge
parameter
geff ∼ (λeff) 1356 . (5.16)
We point out that the situation here is analogous to the scaling exponents of the operators
in two dimensional quantum gravity. The scaling exponents of the individual operators are
gauge dependent. However the relative scaling exponents are gauge invariant [23, 24]. It is
because there is no unique way to specify the scale there. Analogously in our case there is no
unique way to specify the time as it depends on an observer. Here a sensible strategy is to
pick a particular coupling and use its time evolution as a physical time. In this setting the
relative scaling exponents measure the speed of the time evolution of the couplings in terms
of a physical time. Although the choice of time is not unique, the relative scaling exponents
are gauge independent and well defined. We still need to check the validity of this picture
against large deformations of a gauge parameter.
6 Conclusion
The inflation theory postulates that almost scale invariant density perturbation is generated
by quantum fluctuations in a dS type space. The detection of almost scale invariant gravita-
tional fluctuations is a crucial test of the inflation theory since it universally generates them.
Thus the propagator of gravitons contains dS symmetry breaking IR logarithms in dS space.
In this paper we have investigated its physical implications on microscopic physics. Namely
we have investigated the effects of super-horizon modes of gravitons on the dynamics of the
sub-horizon modes of matter fields. By evaluating the kinetic terms of scalar and Dirac
fields up to the one-loop level, we have found that the IR effects from gravitons preserve
the Lorentz invariance. In particular the velocity of massless particles remains universal
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irrespective of the spins. Then soft graviton effects in free field theories can be absorbed into
the wave function renormalization of scalar and Dirac fields.
It is important to prove our results beyond the approximations we have employed. We have
checked our results against an exact calculation for a diagram in Appendix B. Another check
is a field theoretic consistency. The wave function renormalization factor in Dirac field theory
can also be extracted from the previously known self-energy (3.63) in the off-shell regime.
The resultant quantum equation (3.64) is consistent with ours (3.58) although they are
different. It is due to different metric parametrizations and the choice of fundamental field
in both calculations. We will report that we can eliminate the parametrization dependence
by shifting the background metric [22].
In the interacting field theory with dimensionless couplings, we have found that the couplings
become time dependent and decrease with time. It is very important to check whether our
findings are not gauge artifacts. The Lorentz invariance is preserved even when the gauge
parameter is slightly deformed. In fact, the screening of each coupling is gauge dependent.
That makes sense since there is no unique way to specify the time in quantum gravity. Of
course, we need to find a physical interpretation with gauge invariant quantities for the
screening of couplings. We have identified candidates of physical observables in the relative
scaling exponents which are invariant under infinitesimal gauge change. They measure the
relative evolution speed of the couplings among matter fields in terms of a physical time.
Up to the one-loop level, they are just numbers like 13/56 in (5.16) which do not depend on
initial time.
It is imperative to understand why soft gravitons diminish dimensionless couplings with
time. We admit here that we have not found a persuasive mechanism. We merely describe
the following observation. The dimensionless couplings couples to marginal operators in 4
dimensions. They become irrelevant operators in higher dimensions. It might imply IR
quantum fluctuations of dS space increase the effective dimension of space-time. If so, this
kind of effect may decrease dimensionless couplings with cosmic evolution. We may draw
an analogy with 2 dimensional quantum gravity again. There the quantum fluctuation
of geometry not only increases the dimension of the local operators but also the (fractal)
dimension of space-time [23, 24]. We hope to see whether such an observation leads to an
understanding of these symmetry breaking effects.
The results obtained in this paper are the one-loop effects. Since the IR effects at each loop
level manifest as polynomials in log a(τ), perturbation theories are broken after enough
time passed. In other words, the obtained results describe physics at the initial stage
κ2H2 log a(τ) ≪ 1. To investigate the eventual contributions to physical quantities, we
need to evaluate the IR effects nonperturbatively. Although the IR effects from specific mat-
ter fields have been investigated nonperturbatively [9, 10, 19, 20, 11], the nonperturbative
approach for the IR effects from gravitons is an open issue.
Our Universe is dominated by dark energy. Thus our results imply that the couplings of
the standard model become time dependent. Since the coefficients of IR logarithms are of
O(κ2H2) ∼ 10−120, it is not observable now. However it is relevant to the ultimate fate of
the Universe as their effect grows linearly with cosmic time like Hawking radiation. This
effect is much larger in the inflationary era as κ2H2 could be as large as 10−10.
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Since the cosmological constant is a function of the couplings of the microscopic theory, it
may acquire time dependence if the couplings evolve with time. So we need to investigate
such effects to understand possible time dependence of the cosmological constant in addi-
tion to pure matter and gravity contributions separately. Let us follow the change of the
couplings and cosmological constant under time evolution. We note here that the vanishing
cosmological constant is a fixed point of the evolution where the couplings become constant.
It seems conceivable that such a self-tuning mechanism may play an important role in the
cosmological constant problem.
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A Derivation of (3.37)-(3.39) and (5.8)
Here we explain how to derive the identities (3.37)-(3.39) and (5.8). Each integrand in its
left-hand side is written as
1
∆x2
=
1
4
∂2 logH2∆x2, (A.1)
∆xα
∆x2
=
1
2
∂α logH
2∆x2, (A.2)
∆xα∆xβ
∆x2
=
1
2
∂α(∆xβ logH
2∆x2)− 1
2
ηαβ logH
2∆x2, (A.3)
∆xα∆xβ
∆x4
= −1
4
{
∂α∂β − 1
2
ηαβ∂
2
}
logH2∆x2, (A.4)
where we abbreviate the indexes ++, +− because the above identities work in both cases.
By using them and leaving differential operators out of the integrals, the left-hand sides in
(3.37)-(3.39) and (5.8) are
∂α∂β
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
]
(A.5)
=− 1
4
δ 0α δ
0
β ∂
4
0
∫
d4x′
[
logH2∆x2++ − logH2∆x2+−
]
,
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∂β∂γ∂δ
∫
d4x′
[ ∆xα
∆x2++
− ∆xα
∆x2+−
]
(A.6)
=
1
2
δ 0α δ
0
β δ
0
γ δ
0
δ ∂
4
0
∫
d4x′
[
logH2∆x2++ − logH2∆x2+−
]
,
∂γ∂δ∂ε∂δ
∫
d4x′
[∆xα∆xβ
∆x2++
− ∆xα∆xβ
∆x2+−
]
(A.7)
=− 1
2
δ 0α δ
0
β δ
0
γ δ
0
δ δ
0
ε δ
0
η ∂
5
0
∫
d4x′ ∆τ
[
logH2∆x2++ − logH2∆x2+−
]
− 1
2
ηαβδ
0
γ δ
0
δ δ
0
ε δ
0
η ∂
4
0
∫
d4x′
[
logH2∆x2++ − logH2∆x2+−
]
,
∫
d4x′
1
τ ′2
[∆xα∆xβ
∆x4++
− ∆xα∆xβ
∆x4+−
]
(A.8)
=− 1
4
{
δ 0α δ
0
β +
1
2
ηαβ
}
∂20
∫
d4x′
1
τ ′2
[
logH2∆x2++ − logH2∆x2+−
]
.
Note that the differential operator outside the integral is equal to the time derivative ∂α →
δ 0α ∂0. Furthermore, we have replaced ∆xα to −δ 0α ∆τ in (A.7).
As a concrete example, we calculate the following integral
∂40
∫
d4x′
[
logH2∆x2++ − logH2∆x2+−
]
. (A.9)
From (3.29), the logarithm with each index ++, +− is
logH2∆x2++ = logH
2|∆τ 2 − r2|+ iπθ(∆τ 2 − r2), (A.10)
logH2∆x2+− = logH
2|∆τ 2 − r2| − iπθ(∆τ 2 − r2){θ(∆τ)− θ(−∆τ)},
where r2 ≡ (x− x′)2. By substituting (A.10), (A.9) is
∂40
∫ τ
τi
dτ ′
∫ ∆τ
0
4πr2dr 2iπ = 16iπ2∂0
∫ τ
τi
dτ ′ = 16iπ2. (A.11)
The initial time is identified as τi = −1/H since we set the IR cut-off as ǫ0 = H . In a similar
way, the other integrals are evaluated as
∂50
∫
d4x′ ∆τ
[
logH2∆x2++ − logH2∆x2+−
]
= 64iπ2∂0
∫ τ
τi
dτ ′ = 64iπ2, (A.12)
∂20
∫
d4x′
1
τ ′2
[
logH2∆x2++ − logH2∆x2+−
]
= 16iπ2
∫ τ
τi
dτ ′
∆τ
τ ′2
(A.13)
≃ 16iπ2 log a(τ).
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It should be noted that the integrals (A.11), (A.12) do not depend on the lower bound τi.
By substituting (A.11)-(A.13) to (A.5)-(A.8), we obtain the desired identities
∂α∂β
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
]
= −4iπ2δ 0α δ 0β , (A.14)
∂β∂γ∂δ
∫
d4x′
[ ∆xα
∆x2++
− ∆xα
∆x2+−
]
= 8iπ2δ 0α δ
0
β δ
0
γ δ
0
δ , (A.15)
∂γ∂δ∂ε∂η
∫
d4x′
[∆xα∆xβ
∆x2++
− ∆xα∆xβ
∆x2+−
]
(A.16)
=− 32iπ2δ 0α δ 0β δ 0γ δ 0δ δ 0ε δ 0η − 8iπ2ηαβδ 0γ δ 0δ δ 0ε δ 0η ,
∫
d4x′
1
τ ′2
[∆xµ∆xν
∆x4++
− ∆xµ∆xν
∆x4+−
] ≃ −4iπ2 log a(τ){δ 0µ δ 0ν + 12ηµν}. (A.17)
B Exact evaluation for (3.31)
In this appendix, we evaluate (3.31) without using the approximation method (3.33)-(3.34).
From (3.31), the following integrals contribute to the second derivative of φˆ(x):
iκ2∂µ
∫
d4x′ cAB∂
′
σ
{〈ϕ+(x)ϕA(x′)〉〈∂νφ+(x)∂′ρφB(x′)〉}φˆ(x′) (B.1)
→ (
∑
n
Inµνρσαβ)× ∂α∂βφˆ(x),
I1µνρσαβ = iκ
2ηµβ
∫
dDx′ cAB∂
′
σ
{
∆xα〈ϕ+(x)ϕA(x′)〉〈∂ν∂ρφ+(x)φB(x′)〉
}
, (B.2)
I2µνρσαβ = iκ
2ηµβησα∂ρ
∫
dDx′ cAB
{〈ϕ+(x)ϕA(x′)〉〈∂νφ+(x)φB(x′)〉},
I3µνρσαβ = −iκ2ηµβησα
∫
dDx′ cAB
{〈∂ρϕ+(x)ϕA(x′)〉〈∂νφ+(x)φB(x′)〉},
I4µνρσαβ = −i
κ2
2
∂µ
∫
dDx′ cAB∂
′
σ
{
∆xα∆xβ〈ϕ+(x)ϕA(x′)〉〈∂ν∂ρφ+(x)φB(x′)〉
}
,
I5µνρσαβ = −iκ2ησβ∂µ
∫
dDx′ cAB
{
∆xα〈ϕ+(x)ϕA(x′)〉〈∂ν∂ρφ+(x)φB(x′)〉
}
.
To evaluate these integrals, we adopt the dimensional regularization D = 4− ε [25, 26]:
〈ϕ(x)ϕ(x′)〉 = H
D−2
4π
D
2
{Γ(D
2
− 1)
y
D
2
−1 −
1
2
logH2∆x2 + 1− γ}, (B.3)
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〈φ(x)φ(x′)〉 = Γ(
D
2
− 1)
4π
D
2
1
∆xD−2
. (B.4)
We have set ε = 0 in the second and third terms of (B.3).
For example, we calculate I2µνρσαβ . From (B.3) and (B.4), I
2
µνρσαβ is written as
I2µνρσαβ =− iηµβησα
Γ(D
2
)κ2HD−2
8πD
∂ρ
∫
dDx′ cA (B.5)
× {Γ(1− ε2)
H2−ε
a−1+
ε
2 (τ)a−1+
ε
2 (τ ′)
∆xν
∆x6−2ε+A
− 1
2
∆xν
∆x4+A
logH2∆x2+A + (1− γ)
∆xν
∆x4+A
}
.
Here cA is defined in the same way as in Eq. (3.62). The second term of the integrand comes
from the dS broken part of (B.3) and the other terms come from the dS invariant part.
We show that only the dS broken part contributes to the coefficient of log a(τ) by explicit
calculation.
By substituting the following identities,
∆xν
∆x6−2ε
=
1
(4− 2ε)(2− 2ε)∂ν
∂2
ε
1
∆x2−2ε
, (B.6)
∆xν
∆x4
logH2∆x2 = − 1
16
∂ν∂
2 log2H2∆x2, (B.7)
∆xν
∆x4
= −1
8
∂ν∂
2 logH2∆x2, (B.8)
each integral is written as
∂ρ
∫
dDx′ a−1+
ε
2 (τ)a−1+
ε
2 (τ ′)
[ ∆xν
∆x6−2ε++
− ∆xν
∆x6−2ε+−
]
(B.9)
=
δ 0ν δ
0
ρ
(4− 2ε)(2− 2ε)∂0
{
a−1+
ε
2 (τ)∂0
∫
dDx′ a−1+
ε
2 (τ ′)
∂2
ε
[ 1
∆x2−2ε++
− 1
∆x2−2ε+−
]}
,
∂ρ
∫
d4x′
[ ∆xν
∆x4++
logH2∆x2++ −
∆xν
∆x4+−
logH2∆x2+−
]
(B.10)
=
1
16
δ 0ν δ
0
ρ ∂
4
0
∫
d4x′
[
log2H2∆x2++ − log2H2∆x2+−
]
,
∂ρ
∫
d4x′
[ ∆xν
∆x4++
− ∆xν
∆x4+−
]
(B.11)
=
1
8
δ 0ν δ
0
ρ ∂
4
0
∫
d4x′
[
logH2∆x2++ − logH2∆x2+−
]
.
27
From (A.10), (B.11) is evaluated as
2iπ2δ 0ν δ
0
ρ ∂0
∫ τ
τi
dτ ′ ≃ 0× log a(τ). (B.12)
In a similar way, (B.10) is evaluated as
4iπ2δ 0ν δ
0
ρ ∂0
∫ τ
τi
dτ ′
{
log 2H∆τ +
1
2
}
(B.13)
= 4iπ2δ 0ν δ
0
ρ ∂0
∫ τ
τi
dτ ′
{
log(−Hτ ′) + 1
2
+ log 2(1− τ
τ ′
)
}
.
The first two integrals lead to the following terms
4iπ2δ 0ν δ
0
ρ
{− log a(τ) + 1
2
}
. (B.14)
We should note that these terms come from the derivatives of the upper bound τ . It indicates
that they describe the local dynamics. In contrast, the remaining integral describes the non-
local contribution. The time integral seems to induce the dS symmetry breaking logarithm:
4iπ2δ 0ν δ
0
ρ ∂0
∫ τ
τi
dτ ′ log 2(1− τ
τ ′
) ≃ −4iπ2δ 0ν δ 0ρ ∂0
∫ τ
τi
dτ ′
τ
τ ′
. (B.15)
Thus the approximation to neglect differentiated gravitational fields and the dS invariant
part of graviton propagators seems to fail at first sight. Let us recall that we investigate the
off-shell effective equation in this paper. It is equivalent to substituting the off-shell classical
field φˆ(x′) ∝ eipµx′µ , pµpµ 6= 0 into the integral. In this case, the integral over the negatively
large conformal time is suppressed by an inverse of the virtuality:∫ τ
−1/√−pµpµ
dτ ′
τ ′
= log(−√pµpµτ). (B.16)
Note that the logarithm is invariant under the scaling transformation (2.3). In other words,
such a logarithm is time independent when it is expressed by the physical momentum scale
−Hτ√pµpµ. That is why we have neglected the non-local terms. In order to probe local
dynamics of matter fields, we can perform experiments in the laboratory. We thus hold the
physical momentum fixed in such a situation. Considering (B.13)-(B.16), (B.10) induces the
following dS broken term
4iπ2δ 0ν δ
0
ρ ∂0
∫ τ
τi
dτ ′
{
log 2H∆τ +
1
2
} ≃ −4iπ2δ 0ν δ 0ρ log a(τ). (B.17)
The scaling law (3.32) is correct only when we consider the replacement of the lower bound
as in (B.16). Then the approximation adopted in this paper is valid to evaluate the dS
symmetry breaking.
To evaluate (B.9), we need to extract the 1/ε part as follows:
∂2
1
∆x2−ε++
=
4iπ2−
ε
2
Γ(1− ε
2
)
δ(D)(∆x), ∂2
1
∆x2−ε+−
= 0 (B.18)
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∂2
ε
1
∆x2−2ε++
=
∂2
ε
{ 1
∆x2−2ε++
− µ
−ε
∆x2−ε++
}
+
4iπ2−
ε
2µ−ε
Γ(1− ε
2
)ε
δD(∆x) (B.19)
=
∂2
2
{ log µ2∆x2++
∆x2++
}
+
4iπ2−
ε
2µ−ε
Γ(1− ε
2
)ε
δD(∆x),
∂2
ε
1
∆x2−2ε+−
=
∂2
ε
{ 1
∆x2−2ε+−
− µ
−ε
∆x2−ε++
}
=
∂2
2
{ log µ2∆x2+−
∆x2+−
}
,
where we introduce the mass parameter µ to correct the dimension. By using (B.19) and
the following identity,
log µ2∆x2
∆x2
=
1
8
∂2
{
log2 µ2∆x2 − 2 logµ2∆x2}, (B.20)
(B.9) is evaluated as
4iπ2δ 0ν δ
0
ρ
(4− 2ε)(2− 2ε)∂0
{
a−1+
ε
2 (τ)∂0
{π− ε2µ−εa−1+ ε2 (τ)
Γ(1− ε
2
)ε
+ ∂0
∫ τ
τi
dτ ′ a−1(τ ′) log 2µ∆τ
}}
=
4iπ2δ 0ν δ
0
ρ
(4− 2ε)(2− 2ε)
{π− ε2µ−ε∂0{a−1+ ε2 (τ)∂0a−1+ ε2 (τ)}
Γ(1− ε
2
)ε
−H2 log a(τ) + 2H2 +H2∂0
{
τ∂20
∫ τ
−1/√pµpµ
dτ ′ τ ′ log
2µ
H
(1− τ
τ ′
)
}}
=
4iπ2H2δ 0ν δ
0
ρ
(4− 2ε)(2− 2ε)
{π− ε2µ−ε(1− ǫ
2
)(1− ǫ)
Γ(1− ε
2
)
aǫ(τ)
ǫ
− log a(τ) + 2
+ ∂0
{
τ∂20
∫ τ
−1/√pµpµ
dτ ′ τ ′ log
2µ
H
(1− τ
τ ′
)
}} ≃ 0× log a(τ). (B.21)
As seen in the fourth line of (B.21), the integral leads to an UV divergence but it is not
related to the coefficient of log a(τ). Specifically, time dependences are canceled between
the first and second terms. That is a reasonable result because IR contributions and UV
contributions can be clearly separated in comparison to Hubble scale. The integral of the
fifth line corresponds to the non-local term. Here the lower bound of the integral has been
corrected in a similar way to (B.16).
We have found that (B.10) contributes to the coefficient of log a(τ) but (B.9), (B.11) do not.
It is consistent with their dependence under the scaling transformation. As a result, I2µνρσαβ
is evaluated as
I2µνρσαβ ≃
κ2H2
4π2
log a(τ)× ηµβησαδ 0ν δ 0ρ . (B.22)
In the same way, we can confirm that only the dS broken term contributes to the coefficient
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of log a(τ) in the other integrals of (B.2). We list the results as follows
I1µνρσαβ ≃
κ2H2
4π2
log a(τ)× ηµβ{ηναδ 0ρ δ 0σ + ηραδ 0ν δ 0σ + 2δ 0α δ 0σ δ 0ν δ 0ρ }, (B.23)
I3µνρσαβ ≃
κ2H2
4π2
log a(τ)× 0,
I4µνρσαβ ≃
κ2H2
4π2
log a(τ)× δ 0µ δ 0σ {
1
2
ηναηρβ +
1
2
ηνβηρα + 4δ
0
ν δ
0
ρ δ
0
α δ
0
β
+ ηναδ
0
ρ δ
0
β + ηνβδ
0
ρ δ
0
α + ηραδ
0
ν δ
0
β + ηρβδ
0
ν δ
0
α + ηαβδ
0
ν δ
0
ρ },
I5µνρσαβ ≃
κ2H2
4π2
log a(τ)× ησβ{ηναδ 0µ δ 0ρ + ηραδ 0ν δ 0µ + 2δ 0µ δ 0α δ 0ν δ 0ρ }.
We can rederive (3.40) by substituting (B.22) and (B.23) in (B.1). It is reasonable since we
can decompose the dS broken part of (B.3) as follows
−H
2
8π2
logH2∆x2 = −H
2
8π2
log y +
H2
8π2
log a(τ)a(τ ′), (B.24)
and the dS invariant logarithm log y may not contribute to the coefficient of log a(τ).
C Local terms with IR logarithms from (3.63)
In this appendix, we list the local contribution which comes from each term of the self
interaction (3.63). In a similar way to (3.53) and (3.54), the following local terms are
extracted up to O(log a(τ))∫
d4x′
log
(
a(τ)a(τ ′)
)
H2a(τ)a(τ ′)
∂µ∂
2δ(4)(x− x′)ψˆ(x′) (C.1)
= ∂′µ∂
′2{ log (a(τ)a(τ ′))
H2a(τ)a(τ ′)
ψˆ(x′)
}∣∣
x′=x
≃ 2 log a(τ)
H2a(τ)
∂µ∂
2
( ψˆ(x)
a(τ)
)
,
∫
d4x′
1
H2a(τ)a(τ ′)
∂µ∂
4
[ log µ2∆x2++
∆x2++
− log µ
2∆x2+−
∆x2+−
]
ψˆ(x′) (C.2)
≃− 2 log a(τ)
H2a(τ)
∂µ∂
4
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
] ψˆ(x′)
a(τ ′)
=− 4iπ2 × 2 log a(τ)
H2a(τ)
∂µ∂
2
( ψˆ(x)
a(τ)
)
,
∫
d4x′ log
(
a(τ)a(τ ′)
)
∂µδ
(4)(x− x′)ψˆ(x′) (C.3)
= ∂′µ
{
log
(
a(τ)a(τ ′)
)
ψˆ(x′)
}∣∣
x′=x
≃ 2 log a(τ)∂µψˆ(x),
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∫
d4x′ ∂µ∂
2
[ logµ2∆x2++
∆x2++
− logµ
2∆x2+−
∆x2+−
]
ψˆ(x′) (C.4)
≃− 2 log a(τ)∂µ∂2
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
]
ψˆ(x′)
=− 4iπ2 × 2 log a(τ)∂µψˆ(x),
∫
d4x′ ∂µ∂
2
i
[ logµ2∆x2++
∆x2++
− logµ
2∆x2+−
∆x2+−
]
ψˆ(x′) (C.5)
≃− 2 log a(τ)∂µ∂2i
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
]
ψˆ(x′)
= 0× log a(τ)∂µψˆ(x),
∫
d4x′ ∂µ∂
2
i
[ 1
∆x2++
− 1
∆x2+−
]
ψˆ(x′) (C.6)
= 0× log a(τ)∂µψˆ(x).
Here we have used the identities
∂2
1
∆x2++
= 4iπ2δ(4)(x− x′), ∂2 1
∆x2+−
= 0, (C.7)
∂µ∂ν∂ρ
∫
d4x′
[ 1
∆x2++
− 1
∆x2+−
]
ψˆ(x′) (C.8)
=− 4iπ2{δ 0µ δ 0ν ∂ρ + δ 0µ δ 0ρ ∂ν + δ 0ν δ 0ρ ∂µ − 2δ 0µ δ 0ν δ 0ρ ∂0}ψˆ(x).
By summing up (C.1)-(C.6), we can derive the effective equation of motion (3.64). In the
self-energy (3.63), the higher derivative term seems to be associated with the IR logarithm
at first sight. Considering the fact that the non-local term does not contribute to the dS
symmetry breaking, we have found that its coefficient is canceled between (C.1) and (C.2).
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